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✹✳✶ ❉é✜♥✐t✐♦♥s

❉é✜♥✐t✐♦♥ ✹✳✶✳ ❙♦✐t I ✉♥ s♦✉s ❡♥s❡♠❜❧❡ ❞❡ R ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r I ❡t à ✈❛❧❡✉rs ❞❛♥s

R✳ ❖♥ ❛♣♣❡❧❧❡ ③ér♦ ❞❡ f t♦✉t ♣♦✐♥t α ∈ I ✈ér✐✜❛♥t f(α) = 0✳

❉é✜♥✐t✐♦♥ ✹✳✷✳ ❙♦✐t I ✉♥ s♦✉s ❡♥s❡♠❜❧❡ ❞❡ R ❡t g ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r I ❡t à ✈❛❧❡✉rs ❞❛♥s

R✳ ❖♥ ❛♣♣❡❧❧❡ ♣♦✐♥t ✜①❡ ❞❡ g t♦✉t ♣♦✐♥t β ∈ I ✈ér✐✜❛♥t g(β) = β✳

Graphe de f 
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❋✐❣✉r❡ ✹✳✶ ✕ α1✱ α2 ❡t α3 s♦♥t ❞❡s ③ér♦s ❞❡ f ✭à ❣❛✉❝❤❡✮ ❡t β ❡st ✉♥ ♣♦✐♥t ✜①❡ ❞❡ g ✭à ❞r♦✐t❡✮✳

Pr♦♣r✐été ✹✳✶✳ ❙♦✐t I ✉♥ s♦✉s ❡♥s❡♠❜❧❡ ❞❡ R ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r I ❡t à ✈❛❧❡✉rs ❞❛♥s

R✳ ❙♦✐t g : I → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r g(x) = f(x) + x✱ ❛❧♦rs α ❡st ✉♥ ③ér♦ ❞❡ f s✐ ❡t

s❡✉❧❡♠♥t s✐ α ❡st ✉♥ ♣♦✐♥t ✜①❡ ❞❡ g✳ ❉❡ ♠ê♠❡✱ α ❡st ✉♥ ③ér♦ ❞❡ f s✐ ❡t s❡✉❧❡♠♥t s✐ α ❡st ✉♥

♣♦✐♥t ✜①❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ h ❞é✜♥✐❡ ♣❛r h(x) = x− f(x)✳

Pr❡✉✈❡✳ f(α) = 0 ⇔ g(α) = f(α) + α = α✳ ❉❡ ♠ê♠❡✱ f(α) = 0 ⇔ h(α) = α− f(α) = α✳ �
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❈♦♥séq✉❡♥❝❡ ✹✳✶✳ ▲❛ r❡❝❤❡r❝❤❡ ❞❡s ③ér♦s ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛ r❡❝❤❡r❝❤❡ ❞❡s ♣♦✐♥ts ✜①❡s✳

❊①❡♠♣❧❡ ✹✳✶✳ ✶✳ α ❡st ✉♥ ③ér♦ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f(x) = sin(x)− x s✐ ❡t s❡✉❧❡♠♥t s✐ α ❡st ✉♥

♣♦✐♥t ✜①❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ g(x) = sin(x)✳

✷✳ α ❡st ✉♥ ③ér♦ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f(x) = 3x5 − 2x4 + 2 s✐ ❡t s❡✉❧❡♠♥t s✐ α ❡st ✉♥ ♣♦✐♥t ✜①❡

❞❡ ❧❛ ❢♦♥❝t✐♦♥ h(x) = −3x5 + 2x4 + x− 2✳

✹✳✷ ❈❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❛♣♣r♦❝❤é ❞❡s ♣♦✐♥ts ✜①❡s

❉é✜♥✐t✐♦♥ ✹✳✸✳ ❙♦✐t g ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r [a, b] ❡t à ✈❛❧❡✉rs ❞❛♥s R✳ ❙♦✐t k ✉♥ ré❡❧

str✐❝t❡♠❡♥t ♣♦s✐t✐❢✳ ▲❛ ❢♦♥❝t✐♦♥ g ❡st ❞✐t❡ k✲❧✐♣s❝❤✐t③✐❡♥♥❡ s✉r [a, b] s✐ ♣♦✉r t♦✉s x, y ∈ [a, b] ♦♥
❛ ✿

|g(y)− g(x)| ≤ k|y − x|.

❉é✜♥✐t✐♦♥ ✹✳✹✳ ❯♥❡ ❢♦♥❝t✐♦♥ g : [a, b] → R ❡st str✐❝t❡♠❡♥t ❝♦♥tr❛❝t❛♥t❡ s✉r [a, b] s✐ ❡❧❧❡ ❡st

k✲❧✐♣s❝❤✐t③✐❡♥♥❡ s✉r [a, b] ❡t s✐ k ∈]0, 1[✳ k ❡st ❛♣♣❡❧é r❛♣♣♦rt r❛♣♣♦rt ❞❡ ❝♦♥tr❛❝t✐♦♥ ❞❡ g✳

Pr♦♣r✐été ✹✳✷✳ ❯♥❡ ❢♦♥❝t✐♦♥ k✲❧✐♣s❝❤✐t③✐❡♥♥❡ s✉r [a, b] ❡st ❝♦♥t✐♥✉❡ s✉r [a, b]✳

Pr❡✉✈❡✳ ▼♦♥tr♦♥s q✉❡ f ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r [a, b]✳ ❊♥ ❡✛❡t✱ ét❛♥t ❞♦♥♥é ε > 0 ❡t

❡♥ ❝❤♦✐s✐ss❛♥t η = ε
k
✱ ♦♥ ❛

|x− y| < η ⇒ |f(x)− f(y)| ≤ k|x− y| < kη = ε.

❆✐♥s✐ f ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r [a, b]✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ❡❧❧❡ ❡st ❝♦♥t✐♥✉❡ s✉r [a, b]✳ �

❚❤é♦rè♠❡ ✹✳✶✳ ❙✐ ❧❛ ❢♦♥❝t✐♦♥ g : [a, b] → R ❡st ❞❡ ❝❧❛ss❡ C1 s✉r [a, b]✱ ❡t s✬✐❧ ❡①✐st❡ k > 0 t❡❧

q✉❡ |g′(x)| ≤ k ♣♦✉r t♦✉t x ∈]a, b[✱ ❛❧♦rs f ❡st k✲❧✐♣s❝❤✐t③✐❡♥♥❡ s✉r [a, b]✳

Pr❡✉✈❡✳ ❙♦✐t x, y ∈ [a, b] ❛✈❡❝ x < y✳ ❈♦♠♠❡ g ❡st ❞❡ ❝❧❛ss❡ C1 s✉r [a, b]✱ ❛❧♦rs ♦♥ ♣❡✉t

❛♣♣❧✐q✉❡r à g ❧❡ t❤é♦rè♠❡ ❞❡s ❛❝❝r♦✐ss❡♠❡♥ts ✜♥✐s s✉r ❧✬✐♥t❡r✈❛❧❧❡ [x, y]✳ ❆✐♥s✐✱ ✐❧ ❡①✐st❡ z ∈]x, y[
t❡❧ q✉❡

g(y)− g(x) = (y − x)g′(z),

P❛r s✉✐t❡✱

|g(y)− g(x)| = |y − x||g′(z)| ≤ k|y − x|.

�
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❚❤é♦rè♠❡ ✹✳✷✳ ✭❞✉ ♣♦✐♥t ✜①❡✮

✶✳ ❙♦✐t g : [a, b] → [a, b] ✉♥❡ ❢♦♥❝t✐♦♥ str✐❝t❡♠❡♥t ❝♦♥tr❛❝t❛♥t❡ ❞❡ r❛♣♣♦rt ❞❡ ❝♦♥tr❛❝t✐♦♥ λ✱

❛❧♦rs g ❛❞♠❡t ✉♥ ♣♦✐♥t ✜①❡ ✉♥✐q✉❡ α ∈ [a, b]✳

✷✳ ❙✐ (xn)n ❡st ✉♥❡ s✉✐t❡ ❞é✜♥✐❡ ♣❛r ✿

{

x0 ∈ [a, b]
xn+1 = g(xn) ♣♦✉r n ≥ 0,

❛❧♦rs ❧❛ s✉✐t❡ (xn)n ❝♦♥✈❡r❣❡ ✈❡rs α ❡t ♣♦✉r t♦✉t n ∈ N
∗ ♦♥ ❛ ✿

|xn − α| ≤
λn

1− λ
|x1 − x0|.

Pr❡✉✈❡✳

✶✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ rés✉❧t❛t s❡ ❢❡r❛ ❡♥ q✉❛tr❡ ét❛♣❡s✳
❛✳ ▼♦♥tr♦♥s à ❧✬❛✐❞❡ ❞✬✉♥ r❛✐s♦♥♥❡♠❡♥t ♣❛r ré❝✉rr❡♥❝❡ q✉❡ ♣♦✉r t♦✉t n ∈ N ♦♥ ❛ ✿

|xn+1 − xn| ≤ λn|x1 − x0|. ✭✹✳✶✮

■❧ ❡st é✈✐❞❡♥t q✉❡ (4.1) ❡st ✈ér✐✜é❡ ♣♦✉r n = 0✳
❙✉♣♣♦s♦♥s q✉❡

|xn+1 − xn| ≤ λn|x1 − x0|,

❛❧♦rs

|xn+2 − xn+1| = |g(xn+1)− g(xn)|

≤ λ|xn+1 − xn| ✭❝❛r g ❡st str✐❝t❡♠❡♥t ❝♦♥tr❛❝t❛♥t❡✮

≤ λn+1|x1 − x0| ✭❞✬❛♣rès ❧✬❤②♣♦t❤ès❡ ❞❡ ré❝✉rr❡♥❝❡✮.

❜✳ ▼♦♥tr♦♥s q✉❡ ♣♦✉r t♦✉s n ∈ N ❡t p ∈ N
∗ ♦♥ ❛ ✿

|xn+p − xn| ≤
λn

1− λ
|x1 − x0|. ✭✹✳✷✮

❊♥ ❡✛❡t✱

|xn+p − xn| = |

p−1
∑

i=0

(xn+i+1 − xn+i)|

≤

p−1
∑

i=0

|xn+i+1 − xn+i| ≤

p−1
∑

i=0

λn+i|x1 − x0|

= λn|x1 − x0|

p−1
∑

i=0

λi = λn|x1 − x0|

(

1− λp

1− λ

)

≤
λn

1− λ
|x1 − x0|. ✭✹✳✸✮

✻
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❝✳ ▼♦♥tr♦♥s q✉❡ ❧❛ s✉✐t❡ (xn)n ❡st ✉♥❡ s✉✐t❡ ❞❡ ❈❛✉❝❤②✳ ❊♥ ❡✛❡t✱ ét❛♥t ❞♦♥♥é❡ ε > 0✱
❝♦♠♠❡ lim

n→+∞
λn = 0✱ ❛❧♦rs ✐❧ ❡①✐st❡ N0 ∈ N t❡❧ q✉❡ ♣♦✉r t♦✉t n ≥ N0 ♦♥ ❛

λn ≤
(1− λ)ε

|x1 − x0|
,

❞✬♦ù
λn

1− λ
|x1 − x0| ≤ ε.

❖♥ ❝♦♥❝❧✉t ❞♦♥❝ à ♣❛rt✐r ❞❡ (4.3) q✉❡ ♣♦✉r t♦✉t ε > 0✱ ✐❧ ❡①✐st❡ N0 ∈ N t❡❧ q✉❡ ♣♦✉r

t♦✉t n ≥ N0✱ ♦♥ ❛

|xn+p − xn| < ε.

P❛r ❝♦♥séq✉❡♥t✱ ❧❛ s✉✐t❡ (xn)n ❡st ✉♥❡ s✉✐t❡ ❞❡ ❈❛✉❝❤②✳

❞✳ ❙♦✐t α = limn→+∞ xn✳ P✉✐sq✉❡ xn+1 = g(xn) ❡t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ g ❡st ❝♦♥t✐♥✉❡ ❡♥ α✱

❛❧♦rs ♣❛r ♣❛ss❛❣❡ à ❧❛ ❧✐♠✐t❡ ♦♥ ♦❜t✐❡♥t α = g(α)✳ ❉✬❛✉tr❡ ♣❛rt✱ ❝♦♠♠❡ xn ∈ [a, b]
♣♦✉r t♦✉t n ∈ N✱ ❛❧♦rs α ∈ [a, b]✳
❈♦♥❝❧✉s✐♦♥ ✿ α ❡st ✉♥ ♣♦✐♥t ✜①❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ g✳ P♦✉r ✜♥✐r✱ ♠♦♥tr♦♥s q✉❡ α ❡st ❧✬✉♥✐q✉❡

♣♦✐♥t ✜①❡ ❞❡ g✳ ❊♥ ❡✛❡t✱ s✐ β ❡st ✉♥ ❛✉tr❡ ♣♦✐♥t ✜①❡ ❞❡ g✱ ❛❧♦rs

|β − α| = |g(β)− g(α)| ≤ λ|β − α|.

❆✐♥s✐✱ (1− λ)|β − α| ≤ 0✳ ❊♥✜♥✱ ❞❡ ❧❛ r❡❧❛t✐♦♥ (1− λ) > 0 ♦♥ ❞é❞✉✐t q✉❡ |β − α| = 0✱
❡t ❝❡❧❛ ❡st éq✉✐✈❛❧❡♥t à β = α✳

✷✳ ❉✬❛♣rès (4.2) ♦♥ ❛

|xn+p − xn| ≤
λn

1− λ
|x1 − x0|.

❖♥ ❢❛✐s❛♥t t❡♥❞r❡ p ✈❡rs ❧✬✐♥✜♥✐ ♦♥ ♦❜t✐❡♥t

|α− xn| ≤
λn

1− λ
|x1 − x0|.

�

❘❡♠❛rq✉❡ ✹✳✶✳ ▲❡ t❤é♦rè♠❡ ❞✉ ♣♦✐♥t ✜①❡ r❡st❡ ✈❛❧❛❜❧❡ s✐ ♦♥ r❡♠♣❧❛❝❡ ❧✬✐♥t❡r✈❛❧❧❡ [a, b] ♣❛r
[a,+∞[ ♦✉ ]−∞, b] ♦✉ R✳

❉é✜♥✐t✐♦♥ ✹✳✺✳ ❯♥ ré❡❧ β ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞✉ ré❡❧ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥ ε s✐

|β − α| ≤ ε.

❘❡♠❛rq✉❡ ✹✳✷✳ P♦✉r ❛✈♦✐r ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ε✱ ✐❧ s✉✣t ❞❡ ♣r❡♥❞r❡

❧❛ ✈❛❧❡✉r ❞❡ xn0
♦ù ❧✬❡♥t✐❡r n0 ❡st t❡❧ q✉❡

λn0

1− λ
|x1 − x0| ≤ ε ⇔ n0 ≥

ln(ε) + ln(1− λ)− ln(|x1 − x0|)

ln(λ)
.

✼
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❊①❡♠♣❧❡ ✹✳✷✳ ❖♥ ❞és✐r❡ ❝❤❡r❝❤❡r ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥

x ln(x) = 14. ✭✹✳✹✮

❊①✐st❡♥❝❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ✿ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s s♦❧✉t✐♦♥s ❞❡ (4.4) ♥❡ s♦♥t ❛✉tr❡s q✉❡ ❧❡s

③ér♦s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f ❞é✜♥✐❡ s✉r ]0,+∞[ ♣❛r

f(x) = x ln(x)− 14.

❊♥ ét✉❞✐❛♥t ❧❡ t❛❜❧❡❛✉ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ f ✱ ♦♥ ♠♦♥tr❡ q✉❡ f ❛❞♠❡t ✉♥ s❡✉❧ ③ér♦ α ❝♦♠♣r✐s ❡♥tr❡

7 ❡t 8✳
Pr♦❜❧è♠❡ ❞❡ ♣♦✐♥t ✜①❡ ✿ ■❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈ér✐✜❡r q✉❡ α ❡st ✉♥ ♣♦✐♥t ✜①❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ g

❞é✜♥✐❡ s✉r [7, 8] ♣❛r

g(x) = x+ 1−
x ln(x)

14
.

❈♦♠♠❡ g′(x) = 13−ln(x)
14 ≥ 0 ♣♦✉r t♦✉t x ∈ [7, 8]✱ ❛❧♦rs g ❡st ❝r♦✐ss❛♥t❡ s✉r [7, 8] ❡t

g([7, 8]) = [g(7), g(8)] = [7.02, 7.81] ⊂ [7, 8].

❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r t♦✉t x ∈ [7, 8] ♦♥ ❛

g′(8) =
13− ln(8)

14
= 0.780 ≤ g′(x) ≤ g′(7) =

13− ln(7)

14
= 0.789.

❆✐♥s✐✱ g ❡st str✐❝t❡♠❡♥t ❝♦♥tr❛❝t❛♥t❡ s✉r [7, 8] ❞❡ r❛♣♣♦rt ❞❡ ❝♦♥tr❛❝t✐♦♥ λ = 0.789✳
❈♦♥❝❧✉s✐♦♥ ✿ ▲❛ s✉✐t❡ (xn)n ❞é✜♥✐❡ ♣❛r

{

x0 = 7

xn+1 = g(xn) = xn + 1− xn ln(xn)
14 ♣♦✉r n ≥ 0,

❝♦♥✈❡r❣❡ ✈❡rs α✳ ◆♦✉s ❞♦♥♥♦♥s ❞❛♥s ❧❡ t❛❜❧❡❛✉ ❝✐✲❞❡ss♦✉s ❧❡s ♣r❡♠✐èr❡s ✈❛❧❡✉rs ❞❡ ❧❛ s✉✐t❡

(xn)n✳

n 0 1 2 3 4 5 6 7 8 9

xn 7 7.0270 7.0484 7.0652 7.0785 7.0890 7.0973 7.1038 7.1090 7.1130

n 10 11 12 13 14 15 16 17 18 19

xn 7.1162 7.1187 7.1207 7.1223 7.1235 7.1245 7.1253 7.1259 7.1264 7.1267

❘❡♠❛rq✉❡ ✹✳✸✳ ❉✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✹✳✷✱ xn0
❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥

ε = 10−2 ❞ès q✉❡ ❧✬❡♥t✐❡r n0 ❡st t❡❧ q✉❡

n0 ≥
ln(10−2) + ln(1− λ)− ln(|g(7)− 7|)

ln(λ)
= 10.8.

❉♦♥❝✱ x11 = 7.1187 ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥ 10−2✳

✽
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✹✳✸ ❘és♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❛♣♣r♦❝❤é❡ ❞❡ ❧✬éq✉❛t✐♦♥ f(x) = 0

P♦✉r ❧❛ r❡❝❤❡r❝❤❡ ❞❡s ③ér♦s ❞✬✉♥❡ ❢♦♥❝t✐♦♥✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ❧♦❝❛❧✐s❡r ❧❡s ③ér♦s✱ ❝✲à✲❞✱ tr♦✉✈❡r

✉♥ ✐♥t❡r✈❛❧❧❡ [a, b] ❞❡ R ❞❛♥s ❧❡q✉❡❧ ✐❧ ❡①✐st❡ ✉♥ ✉♥✐q✉❡ ③ér♦ α✳ ❊♥s✉✐t❡✱ ♦♥ ❝♦♥str✉✐t ✉♥❡ s✉✐t❡

(xn)n q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs α✳

❚❤é♦rè♠❡ ✹✳✸✳ ❙♦✐t f : [a, b] → R ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡✳

✶✳ ❙✐ f(a)f(b) < 0✱ ❛❧♦rs ✐❧ ❡①✐st❡ α ∈]a, b[ t❡❧ q✉❡ f(α) = 0✳

✷✳ ❙✐ ❞❡ ♣❧✉s f ❡st str✐❝t❡♠❡♥t ♠♦♥♦t♦♥❡✱ ❛❧♦rs α ❡st ✉♥✐q✉❡✳

Pr❡✉✈❡✳

✶✳ ❈♦♥séq✉❡♥❝❡ ❞✉ t❤é♦rè♠❡ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s✳

✷✳ ❙✐ f ❡st str✐❝t❡♠❡♥t ♠♦♥♦t♦♥❡✱ ❛❧♦rs f ❡st ✐♥❥❡❝t✐✈❡✳ ❆✐♥s✐✱ s✬✐❧ ❡①✐st❡ β ∈]a, b[ t❡❧ q✉❡
f(β) = 0 ❛❧♦rs f(α) = f(β)✱ ❞✬♦ù α = β✳

�

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♣❛r❛❣r❛♣❤❡✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❝♦♥t✐♥✉❡ s✉r [a, b]✱ ❛❞♠❡t ✉♥

✉♥✐q✉❡ ③ér♦ α ∈ [a, b]✳ ❖♥ ♣r♦♣♦s❡ ❞❡s ♠ét❤♦❞❡s ♣❡r♠❡tt❛♥t ❧❡ ❝❛❧❝✉❧ ❛♣♣r♦❝❤é ❞✉ ③ér♦ α ❞❡ f ✳

✹✳✸✳✶ ▼ét❤♦❞❡ ❞❡ ❞✐❝❤♦t♦♠✐❡

❖♥ ♣♦s❡






a0 = a

b0 = b ❡t

x0 =
a0+b0

2 ❧❡ ♠✐❧✐❡✉ ❞✉ s❡❣♠❡♥t [a, b].

❙✐ f(x0) = 0 ❛❧♦rs α = x0✱

❙✐♥♦♥✱ ♦♥ ❞✐st✐♥❣✉❡ ❞❡✉① ❝❛s ✿

✲ ❙✐ f(a0)f(x0) < 0 ❛❧♦rs α ∈]a0, x0[✳ ❖♥ ♣♦s❡

{

a1 = a0
b1 = x0.

✲ ❙✐ f(x0)f(b0) < 0 ❛❧♦rs α ∈]x0, b0[✳ ❖♥ ♣♦s❡

{

a1 = x0
b1 = b0.

❆✐♥s✐✱

{

α ∈]a1, b1[ ❡t

(b1 − a1) =
(b0−a0)

2 = (b−a)
2 .

❖♥ r❡❝♦♠♠❡♥❝❡ ❛✈❡❝ ❧✬✐♥t❡r✈❛❧❧❡ [a1, b1] ❡t s♦♥ ♠✐❧✐❡✉ x1 =
a1+b1

2 ✳

❙✐ f(x1) = 0 ❛❧♦rs α = x1✱

❙✐♥♦♥✱ ♦♥ ❞✐st✐♥❣✉❡ ❞❡✉① ❝❛s ✿

✲ ❙✐ f(a1)f(x1) < 0 ❛❧♦rs α ∈]a1, x1[✳ ❖♥ ♣♦s❡

{

a2 = a1
b2 = x1.

✲ ❙✐ f(x1)f(b1) < 0 ❛❧♦rs α ∈]x1, b1[✳ ❖♥ ♣♦s❡

{

a2 = x1
b2 = b1.

❆✐♥s✐✱

{

α ∈]a2, b2[ ❡t

(b2 − a2) =
(b1−a1)

2 = (b−a)
22

.

✾
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x1

a0 = a

a1 = a0

a2 = a1

a b
Α

b0 = b
x2 x0

a3 = x2

b2 = x1

b3 = b2

b1 = x0

-2 0 2 4

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

❋✐❣✉r❡ ✹✳✷ ✕ ▲❛ ♠ét❤♦❞❡ ❞❡ ❞✐❝❤♦t♦♠✐❡✳

❊♥ ✐tér❛♥t ✭r❡❝♦♠♠❡♥ç❛♥t✮ ❝❡ ♣r♦❝é❞é✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ s✉✐t❡ ❞❡ s❡❣♠❡♥ts [an, bn] ✈ér✐✜❛♥t ❧❡s

♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

Pr♦♣r✐été ✹✳✸✳ ✶✳ [an+1, bn+1] ⊂ [an, bn]✳

✷✳ (bn+1 − an+1) =
(bn−an)

2 = (b−a)
2n+1 ✳

Pr❡✉✈❡✳

✶✳ P❛r ❝♦♥str✉❝t✐♦♥✱ ❧✬✐♥t❡r✈❛❧❧❡ [an+1, bn+1] ❡st ❧✬✉♥ ❞❡s s❡❣♠❡♥ts [an,
an+bn

2 ] ♦✉ [an+bn
2 , bn]✱

❞✬♦ù [an+1, bn+1] ⊂ [an, bn]✳

✷✳ ❖♥ ❛ (bn+1 − an+1) =
(bn−an)

2 ✳ ▼♦♥tr♦♥s ♣❛r ré❝✉rr❡♥❝❡ s✉r n q✉❡ (bn − an) =
(b−a)
2n ✳

❊♥ ❡✛❡t✱

✲ P♦✉r n = 0 ❧❛ r❡❧❛t✐♦♥ ❡st é✈✐❞❡♥t❡✳

✲ ❙✉♣♣♦s♦♥s q✉❡ ❧❛ r❡❧❛t✐♦♥ ❡st ✈ér✐✜é❡ ♣♦✉r n ∈ N✱ ❝✲à✲❞ (bn−an) =
(b−a)
2n ✱ ❡t ♠♦♥tr♦♥s

q✉✬❡❧❧❡ r❡st❡ ✈r❛✐❡ ♣♦✉r (n+ 1)✳ P✉✐sq✉❡ (bn+1 − an+1) =
(bn−an)

2 ❡t (bn − an) =
(b−a)
2n

❛❧♦rs (bn+1 − an+1) =
(b−a)
2n+1 ✱ ❞✬♦ù ❧❡ rés✉❧t❛t✳

�

❚❤é♦rè♠❡ ✹✳✹✳ ▲❛ s✉✐t❡ (xn)n ❞é✜♥✐❡ ♣❛r

xn =
an + bn

2

✭xn ❡st ❧❡ ♠✐❧✐❡✉ ❞✉ s❡❣♠❡♥t [an, bn]✮ ❝♦♥✈❡r❣❡ ✈❡rs α ❡t

|xn − α| ≤
(b− a)

2n+1
.

✶✵
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Pr❡✉✈❡✳ ❈♦♠♠❡ α ∈ [an, bn] ❡t xn ❡st ❧❡ ♠✐❧✐❡✉ ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ [an, bn]✱ ❛❧♦rs

|xn − α| ≤
(bn − an)

2
≤

(b− a)

2n+1
⇒ α−

(b− a)

2n+1
≤ xn ≤ α+

(b− a)

2n+1
.

❉✬❛✉tr❡ ♣❛rt✱ lim
n→+∞

1

2n+1
= 0✱ ♣❛r s✉✐t❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ rés✉❧t❛t s✉r ❧✬❡♥❝❛❞r❡♠❡♥t ❞❡s s✉✐t❡s✱

♦♥ ❞é❞✉✐t q✉❡ lim
n→+∞

xn = α✳ �

❘❡♠❛rq✉❡ ✹✳✹✳ P♦✉r ❛✈♦✐r ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ε✱ ✐❧ s✉✣t ❞❡ ♣r❡♥❞r❡

❧❛ ✈❛❧❡✉r ❞❡ xn0
♦ù ❧✬❡♥t✐❡r n0 ❡st t❡❧ q✉❡

(b− a)

2n0+1
≤ ε ⇔ n0 ≥

ln(b− a)− ln(ε)

ln(2)
− 1.

❊①❡♠♣❧❡ ✹✳✸✳ ❙♦✐t ❧❛ ❢♦♥❝t✐♦♥ f ❞é✜♥✐❡ s✉r R ♣❛r f(x) = x− e−x✳

f ′(x) = 1 + e−x > 0 ♣♦✉r t♦✉t x ∈ R✱ ❛✐♥s✐ f ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡ s✉r R✳

❉✬❛✉tr❡ ♣❛rt✱






lim
x→−∞

f(x) = −∞ ❡t

lim
x→+∞

f(x) = +∞,

❞✬♦ù f ❛❞♠❡t ✉♥ ✉♥✐q✉❡ ③ér♦ α✳ P✉✐sq✉❡ f(0) = −1 < 0 ❡t f(1) = 1− e−1 > 0 ❛❧♦rs α ∈ [0, 1]✳
❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❞✐❝❤♦t♦♠✐❡ à f s✉r ❧✬✐♥t❡r✈❛❧❧❡ [a, b] = [0, 1]✱ ♦♥ ♦❜t✐❡♥t ❧❡s

♣r❡♠✐èr❡s ✈❛❧❡✉rs ❞❡ ❧❛ s✉✐t❡ (xn)n ❞♦♥♥é❡s ❞❛♥s ❧❡ t❛❜❧❡❛✉ ❝✐✲❞❡ss♦✉s✳

n 0 1 2 3 4 5 6 7 8 9

xn 0.5 0.75 0.625 0.5625 0.5938 0.5781 0.5703 0.5664 0.5684 0.5674

n 10 11 12 13 14 15 16 17 18 19

xn 0.5669 0.5671 0.5673 0.5672 0.5672 0.5672 0.5671 0.5671 0.5671 0.5671

❘❡♠❛rq✉❡ ✹✳✺✳ xn ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥ 10−3 ❞ès q✉❡

n ≥
ln(1− 0)− ln(10−3)

ln(2)
− 1 = 8.96.

❆✐♥s✐✱ x9 = 0.5674 ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥ 10−3✳ ❉❡ ♠ê♠❡✱ xn ❡st ✉♥❡

✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥ 10−4 ❞ès q✉❡

n ≥
ln(1− 0)− ln(10−4)

ln(2)
− 1 = 12.28.

❆✐♥s✐✱ x13 = 0.5672 ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ❧❛ ♣ré❝✐s✐♦♥ 10−4✳

✶✶
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✹✳✸✳✷ ▼ét❤♦❞❡ ❞❡ ❧❛ sé❝❛♥t❡

❖♥ ❝❤♦✐s✐t ❞❡✉① ♣♦✐♥t x0, c ∈ [a, b[ ✈ér✐✜❛♥t f(x0)f(c) < 0✳ ▲❛ ❞r♦✐t❡ ♣❛ss❛♥t ♣❛r ❧❡s ♣♦✐♥ts

Mc = (c, f(c)) ❡t M0 = (x0, f(x0)) ❝♦✉♣❡ ❧✬❛①❡ ❞❡s x ❡♥ ✉♥ ♣♦✐♥t ❞♦♥t ❧✬❛❜s❝✐ss❡ ❡st ♥♦té x1✳

▲❛ ❞r♦✐t❡ (McM0) ❛ ♣♦✉r éq✉❛t✐♦♥

y =
f(c)− f(x0)

c− x0
x+

cf(x0)− x0f(c)

c− x0
.

❆✐♥s✐✱

x1 =
cf(x0)− x0f(c)

f(x0)− f(c)
= x0 −

(x0 − c)f(x0)

f(x0)− f(c)
.

❖♥ r❡❝♦♠♠❡♥❝❡ ❛✈❡❝ ❧❡s ♣♦✐♥ts Mc = (c, f(c)) ❡t M1 = (x1, f(x1))✱ ❛❧♦rs ❧❛ ❞r♦✐t❡ (McM1)
❝♦✉♣❡ ❧✬❛①❡ ❞❡s x ❡♥ ✉♥ ♣♦✐♥t ❞♦♥t ❧✬❛❜s❝✐ss❡ ❡st ♥♦té x2 ❡t ❡st ❞♦♥♥é ♣❛r

x2 = x1 −
(x1 − c)f(x1)

f(x1)− f(c)
.

❊♥ ✐tér❛♥t ❝❡ ♣r♦❝é❞é✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ s✉✐t❡ (xn)n ❞é✜♥✐❡ ♣❛r ✿

xn+1 = xn −
(xn − c)f(xn)

f(xn)− f(c)
=

cf(xn)− xnf(c)

f(xn)− f(c)
= g(xn),

❛✈❡❝

g(x) = x−
(x− c)f(x)

f(x)− f(c)
=

cf(x)− xf(c)

f(x)− f(c)
.

Mc

M0

M1

M2

Α

x0x1x2x3

c

-2 0 2 4
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0.0

0.5

1.0

1.5

❋✐❣✉r❡ ✹✳✸ ✕ ▲❛ ♠ét❤♦❞❡ ❞❡ ❧❛ sé❝❛♥t❡✳

❚❤é♦rè♠❡ ✹✳✺✳ ❙✐ ❧❛ s✉✐t❡ (xn)n ❝♦♥✈❡r❣❡ ❛❧♦rs s❛ ❧✐♠✐t❡ α ❡st ✉♥ ③ér♦ ❞❡ f ✳

✶✷
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Pr❡✉✈❡✳ ❈♦♠♠❡ xn+1 = g(xn) ❡t ❧❛ ❢♦♥❝t✐♦♥ g ❡st ❝♦♥t✐♥✉❡✱ ❛❧♦rs ♣❛r ♣❛ss❛❣❡ à ❧❛ ❧✐♠✐t❡ ♦♥

♦❜t✐❡♥t α = g(α)✱ ❞♦♥❝

α = α−
(α− c)f(α)

f(α)− f(c)
⇔ f(α) = 0.

�

❚❤é♦rè♠❡ ✹✳✻✳ ❙✐ ❧❛ ❢♦♥❝t✐♦♥ f : [a, b] → R ✈ér✐✜❡ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✶✳ f ❡st ❞❡ ❝❧❛ss❡ C2 s✉r [a, b] ❡t f ′′(x) < 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✷✳ f ′(x) > 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✸✳ f(a) < 0 < f(b)✳

❆❧♦rs✱ f ❛❞♠❡t ✉♥ ✉♥✐q✉❡ ③ér♦ α ∈]a, b[ ❡t ❧❛ s✉✐t❡ (xn)n ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ sé❝❛♥t❡

❝♦♥✈❡r❣❡ ✈❡rs α ♣♦✉r t♦✉t ❝❤♦✐① ❞❡ c ❡t x0 ✈ér✐✜❛♥t f(c) < 0 < f(x0)✳

Pr❡✉✈❡✳ ❆ ♣❛rt✐r ❞✉ t❤é♦rè♠❡ ✹✳✸✱ ❧❡s ❤②♣♦t❤ès❡s 2 ❡t 3 ✐♠♣❧✐q✉❡♥t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ f ❛❞♠❡t

✉♥ ✉♥✐q✉❡ ③ér♦ α ∈]a, b[✳
▲❛ s✉✐t❡ ❞❡ ❧❛ ❞é♠♦♥str❛t✐♦♥ s❡ ❢❡r❛ ❡♥ ❞❡✉① ét❛♣❡s✳

a. ❱ér✐✜♦♥s à ❧✬❛✐❞❡ ❞✬✉♥ r❛✐s♦♥♥❡♠❡♥t ♣❛r ré❝✉rr❡♥❝❡ q✉❡ ♣♦✉r t♦✉t n ∈ N ♦♥ ❛ ✿ xn ≥ α✳

P♦✉r n = 0✱ ♦♥ ❛ ♣❛r ❤②♣♦t❤ès❡ x0 ≥ α✳

❙✉♣♣♦s♦♥s q✉❡ xn ≥ α✱ ❛❧♦rs f(xn) ≥ 0 ❡t ♣❛r s✉✐t❡ f(xn)
f(xn)−f(c) ∈ [0, 1[✳

❉✬❛✉tr❡ ♣❛rt✱ ♣✉✐sq✉❡

xn+1 =
f(xn)

f(xn)− f(c)
c+

−f(c)

f(xn)− f(c)
xn

❡t ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❝♦♥❝❛✈❡ ❛❧♦rs

f(xn+1) ≥
f(xn)

f(xn)− f(c)
f(c) +

−f(c)

f(xn)− f(c)
f(xn) = 0 = f(α).

❆✐♥s✐✱ xn+1 ≥ α✳

b. ▼♦♥tr♦♥s q✉❡ (xn)n ❡st ✉♥❡ s✉✐t❡ ❞é❝r♦✐ss❛♥t❡✳ ❊♥ ❡✛❡t✱

xn+1 − xn =
(c− xn)f(xn)

f(xn)− f(c)
≤ 0 ⇒ xn+1 ≤ xn.

❈♦♥❝❧✉s✐♦♥ ✿ ▲❛ s✉✐t❡ (xn)n ❡st ❞é❝r♦✐ss❛♥t❡ ♠✐♥♦ré❡ ❞♦♥❝ ❝♦♥✈❡r❣❡♥t❡✳ ❙♦✐t

β = lim
n→+∞

xn✳ ❈♦♠♠❡✱

xn+1 = xn −
(xn − c)f(xn)

f(xn)− f(c)

❡t ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❝♦♥t✐♥✉❡ ❡♥ β✱ ❛❧♦rs ♣❛r ♣❛ss❛❣❡ à ❧❛ ❧✐♠✐t❡ ♦♥ ♦❜t✐❡♥t

β = β −
(β − c)f(β)

f(β)− f(c)
⇔ (β − c)f(β) = 0 ⇔ f(β) = 0.

❊♥✜♥✱ ❧✬✉♥✐❝✐té ❞✉ ③ér♦ ❞❡ f ✐♠♣❧✐q✉❡ q✉❡ β = α✳

�

✶✸
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❘❡♠❛rq✉❡ ✹✳✻✳ ▲❡ t❤é♦rè♠❡ ♣ré❝é❞❡♥t r❡st❡ ✈❛❧❛❜❧❡ s✐ ♦♥ r❡♠♣❧❛❝❡ ❧❡s ❝♦♥❞✐t✐♦♥s 1✱ 2 ❡t 3 ♣❛r

❧❡s ❝♦♥❞✐t✐♦♥s ♣❧✉s ❣é♥ér❛❧❡s s✉✐✈❛♥t❡s ✿

✶✳ f ❡st ❞❡ ❝❧❛ss❡ C2 s✉r [a, b] ❡t f ′′(x) 6= 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✷✳ f ′(x) 6= 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✸✳ f(a)f(b) < 0✳

❊①❡♠♣❧❡ ✹✳✹✳ ❙♦✐t ❧❛ ❢♦♥❝t✐♦♥ f ❞é✜♥✐❡ s✉r [0, 1] ♣❛r f(x) = x−e−x✳ ❊♥ ❝❤♦✐s✐ss❛♥t x0 = b = 1
❡t c = a = 0✱ ❧❛ s✉✐t❡ (xn)n ❡st ❞♦♥♥é❡ ♣❛r ✿

{

x0 = 1

xn+1 =
−xnf(0)

f(xn)−f(0) =
xn

xn−e−xn+1
♣♦✉r n ≥ 0.

❉❛♥s ❧❡ t❛❜❧❡❛✉ ❝✐✲❞❡ss♦✉s✱ ♦♥ ❞♦♥♥❡ ❧❡s ♣r❡♠✐èr❡s ✈❛❧❡✉rs ❞❡ ❧❛ s✉✐t❡ (xn)n✳

n 0 1 2 3 4 5 6 7 8

xn 1 0.6127 0.5722 0.5677 0.5672 0.5672 0.5671 0.5671 0.5671

❘❡♠❛rq✉❡ ✹✳✼✳ ❖♥ r❡♠❛rq✉❡ q✉❡ x3 = 0.5677 ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ✉♥❡ ❡rr❡✉r

❞❡ ❧✬♦r❞r❡ ❞❡ 10−3 ❡t x6 = 0.5671 ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❞❡ ❧✬♦r❞r❡ ❞❡

10−4✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ s✉✐t❡ (xn)n ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ sé❝❛♥t❡ ❝♦♥✈❡r❣❡ ✈❡rs α ♣❧✉s

r❛♣✐❞❡♠❡♥t q✉❡ ❝❡❧❧❡ ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞✐❝❤♦t♦♠✐❡✳

✹✳✸✳✸ ▼ét❤♦❞❡ ❞❡ ◆❡✇t♦♥ ✭♦✉ ♠ét❤♦❞❡ ❞❡ ❧❛ t❛♥❣❡♥t❡✮

❙♦✐t x0 ∈ [a, b]✳ ▲❛ t❛♥❣❡♥t❡ à ❧❛ ❝♦✉r❜❡ ❞❡ f ❛✉ ♣♦✐♥t M0 = (x0, f(x0)) ❝♦✉♣❡ ❧✬❛①❡ ❞❡s x ❡♥

✉♥ ♣♦✐♥t ❞✬❛❜s❝✐ss❡ x1✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❧❛ t❛♥❣❡♥t❡ ❡st

y = f(x0) + (x− x0)f
′(x0).

❆✐♥s✐✱ s✐ f ′(x0) 6= 0 ♦♥ ♦❜t✐❡♥t

x1 = x0 −
f(x0)

f ′(x0)
.

❖♥ r❡❝♦♠♠❡♥❝❡ ❛✈❡❝ ❧❡ ♣♦✐♥t M1 = (x1, f(x1))✳ ▲❛ t❛♥❣❡♥t❡ à ❧❛ ❝♦✉r❜❡ ❞❡ f ❛✉ ♣♦✐♥t M1

❝♦✉♣❡ ❧✬❛①❡ ❞❡s x ❡♥ ✉♥ ♣♦✐♥t ❞✬❛❜s❝✐ss❡ x2✳ ❙✐ f
′(x1) 6= 0✱ ❛❧♦rs

x2 = x1 −
f(x1)

f ′(x1)
.

❊♥ ✐tér❛♥t ❝❡ ♣r♦❝é❞é✱ ♦♥ ❝♦♥str✉✐t ✉♥❡ s✉✐t❡ (xn)n ❞é✜♥✐❡ ♣❛r ✿

xn+1 = xn −
f(xn)

f ′(xn)
= g(xn),

❛✈❡❝

g(x) = x−
f(x)

f ′(x)
.

✶✹
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x0

x1

x2

Α
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M0
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❋✐❣✉r❡ ✹✳✹ ✕ ▲❛ ♠ét❤♦❞❡ ❞❡ ◆❡✇t♦♥✳

❚❤é♦rè♠❡ ✹✳✼✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❞❡ ❝❧❛ss❡ C1 ❡t q✉❡ f ′(x) 6= 0 ♣♦✉r t♦✉t

x ∈ [a, b]✳ ❙✐ ❧❛ s✉✐t❡ (xn)n ❝♦♥✈❡r❣❡✱ ❛❧♦rs s❛ ❧✐♠✐t❡ α ❡st ✉♥ ③ér♦ ❞❡ f ✳

Pr❡✉✈❡✳ P✉✐sq✉❡ f ❡st ❞❡ ❝❧❛ss❡ C1 s✉r [a, b]✱ ♦♥ ❞é❞✉✐t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ g ❡st ❝♦♥t✐♥✉❡ s✉r

[a, b]✳ ❈♦♠♠❡ xn+1 = g(xn)✱ ❛❧♦rs ❡♥ ♣❛ss❛♥t à ❧❛ ❧✐♠✐t❡ ♦♥ ♦❜t✐❡♥t α = g(α)✱ ❞✬♦ù

α = α−
f(α)

f ′(α)
⇔ f(α) = 0.

�

❚❤é♦rè♠❡ ✹✳✽✳ ❙✐ ❧❛ ❢♦♥❝t✐♦♥ f : [a, b] → R ✈ér✐✜❡ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✶✳ f ❡st ❞❡ ❝❧❛ss❡ C2 s✉r [a, b] ❡t f ′′(x) < 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✷✳ f ′(x) > 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✸✳ f(a) < 0 < f(b)✳

❆❧♦rs✱ f ❛❞♠❡t ✉♥ ✉♥✐q✉❡ ③ér♦ α ∈]a, b[ ❡t ❧❛ s✉✐t❡ (xn)n ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ◆❡✇t♦♥

❝♦♥✈❡r❣❡ ✈❡rs α ♣♦✉r t♦✉t ❝❤♦✐① ❞❡ x0 ❞❛♥s [a, α]✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t n ∈ N
∗✱ ♦♥ ❛

|xn − α| ≤
1

c
(c|x0 − α|)2

n

❛✈❡❝ c = m
2M ✱ ♦ù m = − min

a≤x≤b
(f ′′(x)) ❡t M = max

a≤x≤b
(f ′(x))✳

Pr❡✉✈❡✳ ❆ ♣❛rt✐r ❞✉ t❤é♦rè♠❡ ✹✳✸✱ ❧❡s ❤②♣♦t❤ès❡s 2 ❡t 3 ✐♠♣❧✐q✉❡♥t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ f ❛❞♠❡t

✉♥ ✉♥✐q✉❡ ③ér♦ α ∈]a, b[✳
P♦✉r ♠♦♥tr❡r q✉❡ ❧❛ s✉✐t❡ (xn)n ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ◆❡✇t♦♥ ❝♦♥✈❡r❣❡ ✈❡rs α✱ ♥♦✉s

❛❧❧♦♥s ♣r♦❝é❞❡r ❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s✳

✶✺
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a. Pr❡♠✐èr❡ ét❛♣❡ ✿ ❱ér✐✜♦♥s q✉❡

f(y) ≤ f(x) + (y − x)f ′(x) ♣♦✉r t♦✉s x, y ∈ [a, b]. ✭✹✳✺✮

▲❛ ❢♦r♠✉❧❡ ❞❡ ❚❛②❧♦r à ❧✬♦r❞r❡ 2 ❛♣♣❧✐q✉é❡ à f r❡❧❛t✐✈❡♠❡♥t ❛✉① ♣♦✐♥ts x ❡t y ✐♠♣❧✐q✉❡

❧✬❡①✐st❛♥❝❡ ❞✬✉♥ ♣♦✐♥t θ ❡♥tr❡ x ❡t y ✈ér✐✜❛♥t

f(y) = f(x) + (y − x)f ′(x) +
(y − x)2

2
f ′′(θ).

❆✐♥s✐✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r❡♠✐èr❡ ❝♦♥❞✐t✐♦♥ ❞✉ t❤é♦rè♠❡ ✹✳✽ ♦♥ ❞é❞✉✐t ❧❡ rés✉❧t❛t✳

b. ❉❡✉①✐è♠❡ ét❛♣❡ ✿ ❖♥ ❛

x ≤ g(x) ≤ α ♣♦✉r t♦✉t x ∈ [a, α]. ✭✹✳✻✮

❈♦♠♠❡ f ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡ s✉r [a, α] ✭❝♦♥séq✉❡♥❝❡ ❞❡ 2✮ ❛❧♦rs ♣♦✉r t♦✉t

x ∈ [a, α] ♦♥ ❛ f(x) < f(α) = 0✳ P❛r s✉✐t❡✱ g(x) = x − f(x)
f ′(x) ≥ x✳ ❉✬❛✉tr❡ ♣❛rt✱

❞✬❛♣rès (4.5) ♦♥ ❛ f(x) + (α− x)f ′(x) ≥ f(α) = 0✱ ❞✬♦ù 0 ≤ f(x)
f ′(x) + (α− x) = α− g(x)

❡t ❝❡❝✐ ❞♦♥♥❡ ❧❡ rés✉❧t❛t✳

c. ❚r♦✐s✐è♠❡ ét❛♣❡ ✿ P♦✉r t♦✉t ❝❤♦✐① ❞❡ x0 ∈ [a, α]✱ ❧❛ s✉✐t❡ (xn)n ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡

a ≤ xn ≤ xn+1 ≤ α ♣♦✉r t♦✉t n ∈ N.

▼♦♥tr♦♥s ❝❡ rés✉❧t❛t à ❧✬❛✐❞❡ ❞✬✉♥ r❛✐s♦♥♥❡♠❡♥t ♣❛r ré❝✉rr❡♥❝❡✳

P♦✉r n = 0✱ x0 ∈ [a, α] ❡t ♣❛r s✉✐t❡ (4.6) ❞♦♥♥❡ a ≤ x0 ≤ g(x0) = x1 ≤ α✳

❙✉♣♣♦s♦♥s q✉❡ a ≤ xn ≤ xn+1 ≤ α✱ ❛❧♦rs ❞✬❛♣rès (4.6) ♦♥ ❛ xn+1 ≤ g(xn+1) ≤ α✱ ❞✬♦ù

a ≤ xn+1 ≤ xn+2 ≤ α✳

❈♦♥❝❧✉s✐♦♥ ✿ ▲❛ s✉✐t❡ (xn)n ❡st ❝r♦✐ss❛♥t❡ ♠❛❥♦ré❡ ❞♦♥❝ ❝♦♥✈❡r❣❡♥t❡✳ ❙♦✐t β = lim
n→+∞

xn✳

❈♦♠♠❡ g ❡st ❝♦♥t✐♥✉❡ ❡♥ β ❡t xn+1 = g(xn)✱ ❛❧♦rs ♣❛r ♣❛ss❛❣❡ à ❧❛ ❧✐♠✐t❡ ♦♥ ♦❜t✐❡♥t

β = g(β) ❡t ❝❡❝✐ ❡st ❡q✉✐✈❛❧❡♥t à f(β) = 0✳ ❊♥✜♥✱ ❧✬✉♥✐❝✐té ❞✉ ③ér♦ ❞❡ f ✐♠♣❧✐q✉❡ q✉❡

β = α✳

d. ◗✉❛tr✐è♠❡ ét❛♣❡ ✿ P♦✉r t♦✉t x ∈ [a, α] ♦♥ ❛

0 ≤ α− g(x) ≤
m

2M
(α− x)2. ✭✹✳✼✮

■❧ ❡st é✈✐❞❡♥t q✉❡ ❧❛ r❡❧❛t✐♦♥ (4.6) ✐♠♣❧✐q✉❡ q✉❡ 0 ≤ α − g(x)✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞✬❛♣rès ❧❛

❢♦r♠✉❧❡ ❞❡ ❚❛②❧♦r✱ ✐❧ ❡①✐st❡ γ ∈]x, α[ t❡❧ q✉❡ 0 = f(α) = f(x)+(α−x)f ′(x)+ (α−x)2

2 f ′′(γ)✳
❊♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦♣r✐étés 1✱ 2 ❡t 3 s✉r f ✐❧ ✈✐❡♥t ✿

− f(x)− (α− x)f ′(x) =
(α− x)2

2
f ′′(γ) ≥

(α− x)2

2
(−m)

⇔ −
f(x)

f ′(x)
− (α− x) = g(x)− α ≥

(α− x)2

2

(−m)

f ′(x)
≥

(α− x)2

2

(−m)

M

⇔ α− g(x) ≤
(α− x)2

2

m

M
.

✶✻
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e. ❈✐♥q✉✐è♠❡ ét❛♣❡ ✿ P♦✉r t♦✉t n ∈ N ♦♥ ❛ |xn − α| ≤ 1
c
(c|x0 − α|)2

n

✳

▲❛ r❡❧❛t✐♦♥ (4.7) ❛♣♣❧✐q✉é❡ à xn ♥♦✉s ❞♦♥♥❡

0 ≤ α− xn+1 = α− g(xn) ≤
m

2M
(α− xn)

2 = c(α− xn)
2. ✭✹✳✽✮

P♦s♦♥s en = c(α− xn)✱ ❛❧♦rs ❡♥ r❡♠♣❧❛ç❛♥t ❞❛♥s (4.8) ♦♥ ♦❜t✐❡♥t

en+1 ≤ e2n. ✭✹✳✾✮

❱ér✐✜♦♥s ♣❛r ré❝✉rr❡♥❝❡ q✉❡ en ≤ e2
n

0 ✳ ❊♥ ❡✛❡t✱ ❧❡ rés✉❧t❛t ❡st ✐♠♠é❞✐❛t ♣♦✉r n = 0✳
❙✉♣♣♦s♦♥s q✉❡ en ≤ e2

n

0 ✱ ❛❧♦rs (4.9) ❡t ❧✬❤②♣♦t❤ès❡ ❞❡ ré❝✉rr❡♥❝❡ ✐♠♣❧✐q✉❡♥t

en+1 ≤ e2n ≤ (e2
n

0 )2 = e2
n+1

0 .

❊♥✜♥✱ ❡♥ r❡♠♣❧❛ç❛♥t en ♣❛r s♦♥ ❡①♣r❡ss✐♦♥ ♦♥ ♦❜t✐❡♥t ❧✬✐♥é❣❛❧✐té ❞✉ t❤é♦rè♠❡✳

�

❘❡♠❛rq✉❡ ✹✳✽✳ ▲❡ t❤é♦rè♠❡ ♣ré❝é❞❡♥t r❡st❡ ✈❛❧❛❜❧❡ s✐ ♦♥ r❡♠♣❧❛❝❡ ❧❡s ❝♦♥❞✐t✐♦♥s 1✱ 2 ❡t 3 ♣❛r

❧❡s ❝♦♥❞✐t✐♦♥s ♣❧✉s ❣é♥ér❛❧❡s s✉✐✈❛♥t❡s ✿

✶✳ f ❡st ❞❡ ❝❧❛ss❡ C2 s✉r [a, b] ❡t f ′′(x) 6= 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✷✳ f ′(x) 6= 0 ♣♦✉r t♦✉t x ∈ [a, b]✱

✸✳ f(a)f(b) < 0✳

❊①❡♠♣❧❡ ✹✳✺✳ ❙♦✐t f ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r [0, 1] ♣❛r f(x) = x−e−x✳ ▲❛ s✉✐t❡ (xn)n ❡st ❞é✜♥✐❡

♣❛r ✿
{

x0 = 0

xn+1 = xn − f(xn)
f ′(xn)

= (1+xn)e−xn

1+e−xn
= 1+xn

1+exn
♣♦✉r n ≥ 0.

❉❛♥s ❧❡ t❛❜❧❡❛✉ ❝✐✲❞❡ss♦✉s✱ ♦♥ ❞♦♥♥❡ ❧❡s ♣r❡♠✐èr❡s ✈❛❧❡✉rs ❞❡ ❧❛ s✉✐t❡ (xn)n✳

n 0 1 2 3 4 5

xn 0 0.5 0.5663 0.5671 0.5671 0.5671

❘❡♠❛rq✉❡ ✹✳✾✳ ❖♥ r❡♠❛rq✉❡ q✉❡ x3 = 0.5671 ❡st ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❞❡

❧✬♦r❞r❡ ❞❡ 10−4✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ s✉✐t❡ (xn)n ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ t❛♥❣❡♥t❡ ❝♦♥✈❡r❣❡

✈❡rs α ♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ ❝❡❧❧❡ ♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ sé❝❛♥t❡✳

❈♦♥❝❧✉s✐♦♥ ✿ ▲❡s s✉✐t❡s ♦❜t❡♥✉❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ sé❝❛♥t❡ ❡t ❝❡❧❧❡ ❞❡ ❧❛ t❛♥❣❡♥t❡ s♦♥t ❞❡

❧❛ ❢♦r♠❡ xn+1 = g(xn)✳ ❆✐♥s✐✱ ❝❡s s✉✐t❡s ❝♦♥✈❡r❣❡♥t ❞ès q✉❡ g ❞é✜♥✐❡ s✉r [a, b] ❡st à ✈❛❧❡✉rs ❞❛♥s
[a, b] ❡t ❡st str✐❝t❡♠❡♥t ❝♦♥tr❛❝t❛♥t❡✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ♣♦✉r q✉❡ g s♦✐t str✐❝t❡♠❡♥t ❝♦♥tr❛❝t❛♥t❡✱

✐❧ s✉✣t q✉✬❡❧❧❡ s♦✐t ❞❡ ❝❧❛ss❡ C1 ❡t q✉✬✐❧ ❡①✐st❡ k < 1 t❡❧ q✉❡ ♣♦✉r t♦✉t x ∈ [a, b] ♦♥ ❛✐t ✿

|g′(x)| ≤ k✳

✶✼


